Abstract. We provide a criterion for the central norm to be any value in the simple continued fraction expansion of √ D for any non-square integer D > 1. We also provide a simple criterion for the solvability of the Pell equation x 2 − Dy 2 = −1 in terms of congruence conditions modulo D.
Introduction
Suppose that x 0 + y 0 √ D is the smallest positive solution of x 2 − Dy 2 = 1, where D is a positive non-square integer. Lagrange proved that if D = p is an odd prime, then x 0 ≡ 1 (mod p) if and only if p ≡ 7 (mod 8). In [5] , the first author generalized this to involve what is known as the central norm being equal to 2; see equation (2.4) . It is one of our principal results to generalize that result so that the central norm can be any value. Moreover, we prove that for any non-square positive integer D ≡ 1, 2 (mod 4) there is a solution to the Pell equation 
Notation and Preliminaries
Herein, we will be concerned with the simple continued fraction expansion of √ D, where D is a positive integer that is not a perfect square. We denote this expansion by 
We will also need the following facts (which can be found in most introductory texts in number theory, such as [7] . Also, see [3] for a more advanced exposition). First,
Also,
Also, we will need the elementary facts that for any k ≥ 1,
When ℓ is even,
Furthermore,
In the next section, we will consider what are typically called the standard Pell equations (2.5)-(2.6). The fundamental solution of such an equation is the (unique) least pair of positive integers (x, y) satisfying it. The following result shows how all solutions of the Pell equations are determined from continued fractions. The proof can be found in many introductory number theory texts possessing an in-depth section on continued fractions. For instance, [7, Corollary 5.7, p. 236 ].
Remark 2.2 For
Note that as a result of Theorem 2. All of the notation of the previous section is in force. Note especially Remark 2.2, the contents of which we employ herein. 
Furthermore, in this case, each of the following holds, where
(x, y) = (r, s) is the fundamental solution of equation (3.1). (a) Q ℓ/2 = a. (b) A ℓ/2−1 = ra and B ℓ/2−1 = s. (c) A ℓ−1 = r 2 a + s 2 b = x 0 and B ℓ−1 = 2rs = y 0 , since A ℓ−1 + B ℓ−1 √ ab = r √ a + s √ b 2 . (d) r 2 a − s 2 b = (−1) ℓ/2 .
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(ii) There exists a factorization D = ab with 1 ≤ a < b such that the following equation has an integral solution (x, y) with xy odd:
Moreover, in this case each of the following holds, where
Proof All of this is proved in [4] . Also,
Remark 3.2 Note that although Proposition 3.1 only deals with the case of √ D we have lost no generality (namely by excluding the maximal order
The following example illustrates the case where D ≡ 1 (mod 8).
rs).
An interesting consequence of Proposition 3.1 is the following simple criterion for the norm of the fundamental unit of a quadratic field to equal −1, namely for the existence of a solution to the negative Pell equation to be provided in terms of the fundamental solution (x 0 , y 0 ) of the positive Pell equation. 
Since b > 1, this makes ℓ/2 odd. Similarly,
Since a > 1, this makes ℓ/2 even, a contradiction. Hence, ℓ is odd. An old and difficult problem is to decide whether or not the negative Pell equation has a solution (see Lagarias [1] ). Theorem 3.5 gives a criterion to do this; however, it requires finding the fundamental solution (x 0 , y 0 ) of the positive Pell equation, which is another old and equally difficult problem. Lenstra [2] deals with this latter problem using a notion of power products. Our criterion in Theorem 3.5 links these two problems in that if one is able to find (x 0 , y 0 ), then it is easy to check whether the negative Pell equation has a solution, namely by checking whether x 0 ≡ −1 (mod D). Indeed one needs only a solution (x, y) that is an odd power of (x 0 , y 0 ) as in this case x ≡ x 0 (mod D), and the criterion applies again. 
Thus, the fundamental solution of the positive Pell equation
Thus, the criterion x 0 ≡ −1 (mod 2D) given in Theorem 3.5 is illustrated here as x 0 = 19 ≡ −1 (mod 2D).
Remark 3.9 If for a given radicand
is even, then the very proof of Theorem 3.5 indicates that x 0 ≡ −1 (mod ab) is impossible, since a > 1 and b > 1 are maximal in the sense that x 0 is congruent to −1 modulo all primes dividing one of them and is congruent to 1 modulo all primes dividing the other. This rather elegant condition is a notion that is exploited in a different context in Theorem 4.1.
Non-Principal Lagrange Criteria
The following generalizes earlier work; see 
Proof We note that Proposition 3.1 holds throughout, since we are assuming ℓ is even. First, assume that (a) holds. Then from (2.2) we have
Therefore,
and by Proposition 3.1, A ℓ/2−1 = ra and B ℓ/2−1 = s, namely r √ a + s √ b is the fundamental solution to (4.1). Thus, (a) implies (b).
Suppose that (b) holds. Then if α = 2, by Proposition 3.1(ii)(c)-(d),
We have shown that (4.2) holds, so we have shown that (b) implies (c). Now assume that (c) holds. By hypothesis, a and b are maximal in the sense that a is divisible by all the primes p such that x 0 ≡ (−1) ℓ/2+1 (mod p t ), where p t a and b is divisible by all the primes q such that x 0 ≡ (−1) ℓ/2 (mod q u ) where q u b. Thus the value of a in Proposition 3.1 is the value of a here so Q ℓ/2 = αa.
Hence, we have shown that (c) implies (a), and the logical circle is complete. (mod 2a/α), and x 0 ≡ (−1) ℓ/2 (mod 2b/α). Note as well that the relationship between Theorem 3.5 and Theorem 4.1 comes into play. By Remark 3.2, Proposition 3.1(ii) does not apply to D ≡ 1, 2 (mod 4) when ℓ is even so α = 1 in this case. Also, if D ≡ 1 (mod 4) and ℓ is even, we cannot have Q ℓ/2 = 2; see [6] for more on this matter. Thus, for D ≡ 2 (mod 4), if a = 2, and ℓ/2 is odd, we can have Q ℓ/2 = 2 if and only if x 0 ≡ 1 (mod 4) and x 0 ≡ −1 (mod D). Given that Theorem 3.5 says that if D ≡ 1, 2 (mod 4), then ℓ is odd if and only if x 0 ≡ −1 (mod 2D), then necessarily x 0 ≡ −1 (mod 4) when ℓ is odd and D ≡ 2 (mod 4). This is all that distinguishes the criterion for Q ℓ/2 = 2 from the criterion for ℓ to be odd in this case. For instance, let D = 38. Then ℓ = 2, Q ℓ/2 = 2, α = 1, a = 2, and x 0 = 37 ≡ −1 (mod D) but x 0 ≡ 1 (mod 4). 
